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ABSTRACT. In this paper, we defined the complex intuitionistic fuzzy subring and
introduced some new concepts like Intuitionistic 77 —fuzzy sets and homogeneous complex
intuitionistic fuzzy sets. Then, we investigated some of characteristics of complex
intuitionistic fuzzy subring. The relationship between complex intuitionistic fuzzy subring
and intuitionistic fuzzy subring is also investigated. It is found that every complex
intuitionistic fuzzy subring yields two intuitionistic fuzzy subring. Finaly, we defined the
image and inverse image of complex intuitionistic fuzzy subring under ring homomorphism,
and thus studied their elementary properties.
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INTRODUCTION

After the introduction of the concept of fuzzy set by Zadeh (1965), many researches were
conducted on the generalization of the notion of fuzzy set. Atanassov (1986) introduced the
concept of intuitionistic fuzzy set. Hur et al., (2003) investigated intuitionistic fuzzy
subgroups and subrings in 2003. The concept of the complex fuzzy sets was introduced
(Ramot et al., 2002). The concept of a complex intuitionistic fuzzy set was introduced by
Alkouri et al., (2012). In three recent papers, Alsarahead and Ahmad (2017a; 2017b; 2017c)
introduced the concepts of complex fuzzy subgroup, complex fuzzy subring and complex
intuitionistic fuzzy subgroup.

In this paper, we defined the complex intuitionistic fuzzy subrings and introduced
some new concepts like intuitionistic 7 —fuzzy subring. Then, we investigated some of
characteristics of complex intuitionistic fuzzy subrings. Finaly, we defined the image and
inverse image of complex intuitionistic fuzzy subrings under ring homomorphism, and then
we studied their properties.
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PRELIMINARIES

Definition 1. Let A={(X, 1,(x),v,(X)):xe R} be an intuitionistic fuzzy set of a ringR.
Then, A is said to be an intuitionistic fuzzy subring of R if for all x,y e R the followings
hold:
L g (x=y) 2 min{e, (X), 1 (Y)}

2. pp(xy) = min{pe, (X), 2 (V)]

3. v (x=y) <max{y, (x),va(y)}.

4. v,(xy) <max{v,(x),v,(y)}, Atanassov (1986).
Definition 2. A complex intuitionistic fuzzy set A, defined on a universe of discourse U , is

i (X)

characterized by membership and non-membership functions u,(x) =r,(x)e and

v,(X) = AA(x)eié’A(X), respectively, that assign any element x €U a complex-valued grade of
both membership and non-membership in A. By definition,

A={(X, 11, (X),v,(x)): xeU } where r,(x)+F,(x) <1. Alkouri and Salleh (2012).

Definition 3. Let A and B be two complex intuitionistic fuzzy subsets of U, with
“a%and s (X) = 1, (x)e"8" | respectively, while the

membership functions s, (x) = r,(x)e’

non-membership functions are v,(x) = AA(x)eM’A(X) and vy(x) = fB(x)eM’B(X), respectively.
Then ANB is given by:
ANB ={(X, t1p 5 (X), Vo5 (X)): x €U} where

U5 (X) = Minfr, (x), 1, () Jo ™40 26 )
Vs () = max{f, (), fB(x)}e‘ma*{@A‘x)"?’B‘x)}. Alkouri and Salleh (2012).
Definition 4. Let A={(x, ,(x),v,(x)):xeU} be a intuitionistic fuzzy set. Then the set
A, = X7, (X, (X)):xecU| is said to be intuitionistic z—fuzzy set where
Va, (X) = 27, (x) and Pn, (X) = 27v 5 (X) .
Note that the condition Va (X)+pAﬁ (X) <27 is already satisfied. Alsarahead and Ahmad
(2017¢).

Definition 5. Let A, ={(x,7, (X), o, (X)):x €U | be an intuitionistic z —fuzzy set of a ring
R. Then A, is said to be an intuitionistic = —fuzzy subring of R if for all x,yeR the
following hold:
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L 7, (x=y)zminj, (x),7, (V).
2. 7, (xy)Zminjy, (x),7, (V)]

3. pu, (x=y) <maxip, (X), o, ()}
4. p, () <maxip, (x), o (V)]

Proposition 6. An intuitionistic 7 —fuzzy set A_ is an intuitionistic z —fuzzy subring if and

only if A is an intuitionistic fuzzy subring.
Proof. Clear.

Definition 7. Let A and B be two complex intuitionistic fuzzy subsets of G, with

membership functions zz,(x) = r,(x)e A" g ()

and 5 (X) = Iy (X)el

i (X)

, respectively. While the
non-membership functions are v,(x) = f,(x)e’ and vg(X)= fB(x)ei”}B(X) respectively.
Then

1. A complex intuitionistic fuzzy subset A is said to be a homogeneous complex

intuitionistic fuzzy set if for all x,y e G the following hold:

1. r,(x) <ry(y) ifand only if @,(X) < @,(Y).

2. f,(x) <f,(y) ifand only if @,(x) < @,(y).
2. A complex intuitionistic fuzzy subset A is said to be homogeneous with B , if for
All x,y e G the following hold:

1. AO)=T(Y) if and only if w,(x) < ay(y).

2. fa)=F(Y) it and only if &,(x) < @, (y). Alsarahead and Ahmad (2017c).

COMPLEX INTUITIONISTIC FUZZY SUBRINGS

Definition 8. Let A={(x, x,(x),v,(X)):xeR} be a homogeneous complex intuitionistic
fuzzy set of aring R. Then A is said to be a complex intuitionistic fuzzy subring of R if for
all x,y eR the following hold:

L up(x=y) = min{u, (X), s (V)

2. pp(xy) = min{pe, (X), 2 (9}

3. va(x=y) <max{r,().va(y)}.

4. v, () <max{y, (x), va(y)}-
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Theorem 9. Let R be aringand A= {(x, z,(x),v,(x)): xe R} be a homogeneous complex

intuitionistic fuzzy set with membership function z,(X) = A(x)emA(X) and non-membership

function v,(x) = £,(x)e’
only if:

1. The intuitionistic fuzzy set A ={(x,r,(X), £, (X)) : X € R, r,(X), £,(X) [0,1]} is an
intuitionistic fuzzy subring.

2. The intuitionistic 7 —fuzzy set A={(X, ®,(X),®,(X)): x € R, w,(X), ®,(x) €[0,27]} is an
intuitionistic 7 —fuzzy subring.

Proof. Let A be a complex intuitionistic fuzzy subring and x,y e R. Then we have

°A% Then A isa complex intuitionistic fuzzy subring of R if and

iop (X=y) _

r,(x—y)e = 1 (X=Y)
> min{z, (X), 14 (Y)}
= minr, ()¢, (y)e" " |

= minfr, (), 1, (y)Je ™ P40 A0
(since Ais homogeneous).
S0 r,(x—y)=min{r,(x),r,(¥)} and @,(x—Yy) > min{w,(x),®,(y)}. Also, we have
ACHERREINEY)
> min{z, (%), 444 (9)}
- min{rA(x)ei“’A(X’, rA(y)ei”A(y’}
= min{r, (x),r,(y)Je' minfop (). 0a ()}
(since Ais homogeneous).
which implies r, (xy) > min{r,(x),r,(y)} and @, (xy) > min{w,(x), ®,(y)}. On the other hand
(=) = v, (x-y)
< max{y, (%),va(¥)}
= maxf, (06", £, (1)e
= max{f, (x), £, (y)Je’ A0
(since Ais homogeneous).
So £, (x—y) < max{f,(x),f,(y)} and &,(x—y) < max{®,(x),d,(y)}. Also, we have
£, 09)e ™ = v, (xy)
<max{y,(x),v,(¥)}
= max{FA(x)ei@A(x), fA(y)ei&’A(y)}
= max(f, (00, F, (y)Je ™A
(since Ais homogeneous).
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which implies £, (xy) < max{f,(x), f,(y)} and @, (xy) < max{@,(x), d,(y)}.
So A is an intuitionistic fuzzy subring and A is an intuitionistic 7z —fuzzy subring.

Conversely, let A be an intuitionistic fuzzy subring and A be an intuitionistic 7 —fuzzy
subring.

So we have
ry(X—y) = min{r, (x),r, () @, (X—Y) 2 min{w, (X), w,(Y)}
ra(xy) = min{r, (%), 1, (y)} @, (xy) = min{w, (X), @, (y)}
Py (X — y) <max{f, (x), £, (Y)} @n(X—y) <maxid, (x), @, (y)
P (xy) < max{f, (x), £, (Y) D, (Xy) < max{@, (X), D, (Y) )
Now,

1, (X—y) = M (X~ y)eiwA(X—y) > min{rA(x), rA(y)}eimin{wA(x),wA(y)}

= min{rA(x)e"”A(x) , rA(y)e"”A(”} (homogeneity).

= min{z, (X), 2, () }
Also, we have

2, (%) = 1 ()62 > minfr, (x),r, (y) Je ™A A0

= min{rA(x)ei”A(x), rA(y)ei”A(y’} (homogeneity)

= min{z, (X), 2, ()}
On the other hand

Va(X—y) = By (x— )% < max{f, (x), F, (y)Je ™A A0
= max{f, ()%, £, (y)e " |

= max{v, (x), va(y)}
Also, we have

Va09) = £, 00 < maxff, (9, (y) o ™A
= maxf, (9", (y)e
= max{v, (x), va(y)}
So A is a complex intuitionistic fuzzy subring.

Theorem 10. Let {A :ie 1} be a collection of complex intuitionistic fuzzy subrings of a
ring R. Then n,_, A is acomplex intuitionistic fuzzy subring.

Proof. Forall il we have N (x) is an intuitionistic fuzzy subring and W, (x) isan
intuitionistic sz —fuzzy subring (Theorem 9). Now, let x,y € G. Then
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He  a (x-y)= O (x— y)ei"’“iel A O
= min,_, {rAi (Xy)}eiminie' {on o0

iming | {min{wA_ () @p, (Y)}}
i i

>min,_, {min{rAi (%), A (y)}}e
= min{minid {rAi (X)}, min,_, {l’Ai (y)}}eimin{minie' {wAi (X)}’miniel {wAi (y)}}
= min{minie. {rf\ (x)}eimmia{%ﬁ ) ,min,_ { (y)}e e }

B min{#miel A (x) ﬂmiel A (y)} '

Also, we have

=r g 4 09
/umiel Ai (Xy) - Nicl ﬁ (XY)e

=mmdhow}m”&“”*

ik 0, ™ a1

- minfnin 5y 00} iy e 1
:min{miniel{rﬁ(x)}eiminie'{w‘\(x)}’min b, (y)}e'mm <y>}}

_mm{ym Ai( )/”m ﬁ(y)}
On other hand

X =f, X — i A Y
Voial A (x-y)= il A (x—y)e

g [sp 000

_maxll{ (X y)}e

<max. k(9.5 oo ™0
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= max{maxiel {Ai(x)}maxIGI {Ai(y)}} 'mﬁX{maX] |{ Ai(x)} maﬁel{ Ai(y)}}
-max{max. .{ (X)}elmaX' '{ A\(X)} maxel{ (y)}e'may‘e' A (y)}}

- max{vmiel A ) Vﬁiel A (y)}

Also, we have
) (xy)
v (9)=F ,A\(xy)e et

|ma><IEI (xy)}

= max | { (Xy)}e
<max, e, 0.1, o ™8

i max{ma)id {fAi (X)},ma)id {fAi (y)}} eimax{maxia {&)Ai (X)}maxie' {&)Ai (y)}}
- max{maxie. 0™, ma, e ™ {‘W}}

- max{vmiel Ai (X)’Vmiel Ai (y)}

Definition 11. Let A={(X, ,(X),vA(X)): x€U} be a complex intuitionistic fuzzy set with
membership function Uy (X) = rA(x)ei”A(X) and non-membership function
va(X) = AA(x)eid’A(x) : For a,a €[0,1] and B, B <l0,27], the set

A(‘;j‘f)) ={xeU:r,(X) > a,0,(X) > B,f,(X) <& d,(x)< B} is called a level subset of the
complex intuitionistic fuzzy subset A. In particular if ,B:,B:O, then we get the level
subset AY ={xeU:r,(X)=a,fy(X)<a}. If a=a=0, then we get the level subset

' ={xeVU :@,(X) > B,@,(x) < B}. Alsarahead and Ahmad (2017c).

Theorem 12. Let A={(X, 2,(X),v,(X)): X € R} be a complex intuitionistic fuzzy subring of R with
membership function x,(X) = rA(x)ei“’A(X) and non-membership function v,(x) = AA(x)ei‘?’A(X), if

@) >a, w,(e)=f, f,(e)<d& and é,(e) < /. Then the level subset A“#) is a subring of R.
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Proof. eeA(”’ﬂ) @h) 4. Let X, yeA((”‘ﬁ) Then we have r,(X)>a , 0,(X)> 3, f,(X)<a

) " a.5) a.f) -
and &,(x)< 3, also, r,(Y)>a , o,(y)= B, L, (y)<a and é&,(y)<f3.

Now,
r(x=y)e' A" = p1, (x—y) = minfu, (%), 2, ()}
= min{rA(x)ei“’A(x), rA(y)ei“’A(y)}
= minfr, (), 1, (y)je ™41
This implies
r,(x=y) > min{r, (), r, ()}
> min{a, o}
= .
And
@,(x—y) = min{w, (x), @, (Y)}
>min{, B}
= ﬂ
Also, we have
Fu(x—y)e A" =y, (x—y) < max{y, (x), va(Y)}

—max{ (x)e A(X> o (y)e"”A(Y)}
= max{rA(X)’ rA(y)}e|maX (UA(X)'(;IA(Y)}

This implies
Fa(x—y) < max{f, (%), £, ()}
<max{a,a}
= a.
And

@, (X—y) < max{@, (X), D, (Y)}
< max{,é, ,3}
=B
So x—ye Al A On the other hand

ra(O)e 2™ = 11, (xy) = minfu, (%), 2, (y)}

iop (%) _

= min{rA(X)ei‘”A(X)’ rA(y)eiwA(y)}
= min{r,(x), rA(y)}eimi"{wAw),wA(y)}
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This implies
r, () = min{r, (x), 1, ()}
> min{a, o}
= .
And
@, (xy) = min{w, (), w,(y)}
>min{p, f}
= IB
Also, we have
£ Ow)e ™A™ = v, (xy) < max{y, (%), va(y)}
= max, (02, 7, (y)e " |
= max(f, (9, , (y) Je ™A 240
This implies
£ (xy) < maxif, (X), £, () |
<max{a, &}
=q.
And

@, (xy) < max{@, (X), @, (y)}
< max{ﬁ, ,3}
= B.

Thus xy € A, therefore A“#) is a subring of R.

HOMOMORPHISM

Theorem 13. Let f :R — S be aring epimorphism. Let A be an intuitionistic fuzzy subring

of R and B be an intuitionistic fuzzy subring of S. Then the inverse image of B is an
intuitionistic fuzzy subring of R and the image of A is an intuitionistic fuzzy subring of S .

Banerjee and Basnet (2003).

We are going to generalize this result to the complex intuitionistic fuzzy subrings.

Definition 14. Let f :R — S be a homomorphism. Let A={(X, z,(X), vA(X)): xR} and
B ={(x, 1£5(X),v5(X)): x € S} be complex intuitionistic fuzzy subrings.
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Then C ={(y, f(z, J(y), f(vaXy)): y €S} is called image of A, where

IV )ixeR F(=y) i F(y) %4
f(ua)y) = {0, otherwise

_[riamixeR f =y} if £7(y) 29
fva(y) = {1, otherwise

forall yeS.
Theset D= {(x (2 )(X), T (v )(x)): Xe R} is called inverse image of B, where

(1 J(X) = 15 (F (X)) and £ (1 )(X) = vg(F(x)) forall xeR.

Lemma 15. Let f:R—S be a ring homomorphism. Let A be a complex intuitionistic fuzzy
subring of R and B be a complex intuitionistic fuzzy subring of S, with membership functions
“A% and g (X) = 1y (x)e" B, respectively, while the non-membership functions

wa(X) = rA(X)eI
are v,(X) = £,(x)e"~% and v, (x) = £, (x)e'*®™ , respectively. Then

1 f(u)(y)= fr)(y)e" .

2. f(w)(y)= f()(y)e" ™.

3. T ()0 = A (R)(0e" B,

4170000 = (R0 P,
Proof.(1)

f (222)(Y) = MaX; -y 414 (X)

_ iw, (X)
- maxf (X):yrA(X)e A

_ imaxf(x):ywA(x)
- maxf (X):yrA(X)e

(since Ais homogeneous)
= f(r)(ye" ™.
2)

fv(y) = minf(x):yVA(X)
=ming -, fa(X)e
= minf(X)=yfA(X)eiminf(X):yé)A(X)
(since Ais homogeneous)
= F(F)(y)e" .

idp(x)
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®3)
F () (¥) = 115 ()
=1 (f (e
= £ () (9" e,
(4)

f e )(¥) = vg(f (X))

= fy (e

=1, A
= () (x)e" .

Theorem 16. Let f:R—S be a ring epimorphism. Let A be a complex intuitionistic fuzzy
subring of R with membership function x,(X)= A(x)ei‘”A(X) and non-membership function

vAa(X) = AA(x)ei‘z’A(X) . Then the image of A is a complex intuitionistic fuzzy subring of S .

Proof. Since A is a complex intuitionistic fuzzy subring, then by (Theorem 9)
{(x,ry(x),fA(X)): xe R} is an intuitionistic fuzzy subring and {(Xx,@,(X),@,(X)):x€ R} is an
intuitionistic 7 —fuzzy subring. Thus by (Theorem 13) and (Proposition 6) the image of
{(x,ry (), F,(X)):xeR} and {(X,w,(x),®,(X)): xR} are intuitionistic fuzzy subring and
intuitionistic 7 —fuzzy subring, respectively, therefore for all x,y €S we have:

f(r)(x—y) = min {f(r,)(x), f(r)()}, f(r)0Oy) = min {f(r)(X), f(r)(y)}

f(£)(x—y) < max {f(F,)(X), F(E)(Y)], f(F)0y)< max {f(7,)(X), f(£)(Y)}
f(@,)(x=y) = min {f(@,)(X), f (@)Y}, F(@)09) = min {f(@,)(X), f(@,)(y)}
f(@,)(x—y) < max {f(@,)(X), f(@,)(¥)} and f(@,)(xy) < max {f(@,)(%). f(@,)(Y)}

Now, by Lemma 15
F(u)(x—y) = F(r)(x—y)e"
> min{f (r,)(%), f (r,)(y) ™! 0w
= min{f (r,)()e" ¥, £ (r,)(y)e" O |

= min{f (12,)(X),  (12,)(Y)}

Also, .
f(u)9) = £ (1) 0y)e”

> min{f (r,)(x), f (r,)(y)je™" ! a0 )

= min{f ()00 AN £ (r)(y)e" (wAXy)}
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=min{f (,)(X), f (1)(Y)}
On the other hand

f(vy)(x—y)= f(f)(x— y)eif (&p)(%-Y)
< max{f (f,)(x), f (fA)(y)}eimax{f(rbA)(x),f(aaA)(y)}
- max{f (Fa)(X)e £)(y)e" (%)(y)}
=max{f (v,)(), f (v, )(Y)}

if (@,)(X) £(

Also,
Fr)0) = TR0
< max{ 1 (£,)(3), F(E)(y)Je"™!! 10!
= max{f (F)(x)e" A ¢ (fA)(y)eif@sAxy)}

= max{f (v,)(X), f (va)(¥)}

Theorem 17. Let f :R— S be aring epimorphism. Let B be a complex intuitionistic fuzzy
subring of S, with membership function g, (x) = rB(x)ei“’B(X) and non-membership function

vg(X) =1 (x)eié)B(X). Then the inverse image of B is a complex intuitionistic fuzzy subring
of R.

Proof. Since B is a complex intuitionistic fuzzy subring, then by (Theorem 9)
{(x,r5(x),f3(x)) : x e S} is an intuitionistic fuzzy subring and {(X, @g(X),®z(X)): xS} is an
intuitionistic sz —fuzzy subring. Thus by (Theorem 15) and (Proposition 6) the inverse image of
{(x,r;(x),f5(x)): xe S} and {(X,wz(x),@5(x)): xS} are intuitionistic fuzzy subring and

intuitionistic 7 —fuzzy subring, respectively, therefore for all x,y e R we have:

£ () (x—y) = min {f ()0, F ()W)},

£ () () = min {F ()%, £ ()},

£ (R (x—y) < max {f (7)), f ()},
£2(7,) () < max {f (%), 1 (F)(Y)],

£ (@) (x—y) = min {f *(w,)(x), f (@)W},

£ (@) (xy) = min {f 2 (@,)(X), T (@, )(Y)},

£ (@) (x—y) < max {f (d,)(x), f (@)(y)} and
£ (@) (xy) < max {f (@,)(X), T (@)(Y)]
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Now, by Lemma 15
f —1(ﬂB)(X_ y) =f _l(rB)(X— y)eif_l(wB)(X—)’)
2 minff1(5,)00, £ (y) ™01 o)
= min{ f —1(r.B)(X)eif *1(a>B)(x)1 f _1(rB)(y)eif l(wB)(y)}

= min{f (1) (%), T () (y)}
Also,

£ p)0) = £ () O)e’ 2
2 minff (500, ()™ w0 o)
= min{ f 71(FB)(X)eif _1(”8)0()’ f *l(rB)(y)eif _l(wB)(y)}

= min{f () (%), f (15 )(Y)}
On the other hand
) (x=y) = T 1(f)(x-y)e’ =
PN PN imax{f 71((213 Xx), f 71(62)3 X y)}
<max{f *(7)(x), f (%)) fe
max| £ (500" T, EE e’ |

max{f *(v)(¥), f 1(vs)(Y)}

Also,
F0)00) = (R 0y)e’
<max{f (500, (7)™ )
= max] (e £ ]

= max{f (ve)(X), f (V) (V)
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