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ABSTRACT. We employ a method of factorization to obtain the general solution of the
second order linear differential equation, which is an alternative procedure to the usual
Variation of Parameters method of Lagrange. We consider that our approach can be
adapted to linear differential equations of the third and fourth order.
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INTRODUCTION

We consider the linear differential equation:

p(x)y" + q(x)y" + r(x)y = ¢(x),
(1)
if the solution 1 (x) of the corresponding homogeneous equation is known, then:

py, +qy, +ry, =0.

)

In Sec. 2 we show that the factorization:

y(x) =y (x) v(x), (3)

, allows to determine the general solution of (1), in harmony with the method of variation of
parameters of Lagrange [1-3]. Our procedure is an alternative to several approaches to solve

(1) [4-10], and we consider that it can be applied to differential equations of the third and
fourth order [11, 12].

GENERAL SOLUTION VIA FACTORIZATION
If we employ (2) and (3) into (1) we obtain the expression:
pwvv' +(2pyi+qy) v =¢,

(4)

38



J. Lépez-Bonilla, G. Posadas-Duran, O. Salas-Torres

— I
where we can introduce the function u(x)=v

u' -I-( +%}u=i_

to deduce the equation:

that is: )
LE0=u wees(-zw)

whose solution is immediate
d .

dx ¥y o W

Therefore, (3) and the integration of (7) imply the general solution of (1):

y(x) = eqyy () + €235 (x) + 7, (),

where:

2 (@) =y, () [ 7 dn

-TW'IP:' @ ¥y lnd ¢(m)
}F-p[:x:] vi( j.r .Jr ol ??:'[’V'?;':' d

In (10) we can apply the method of integration by parts, thus giving:

(9)

plx) pxoy @ Vg _ x Vo g
vy () = 33 (0 [ 28 [*2Lan — [*2Lan| =y, (0) [* 2L dy -y, () [T 28

oW

which is in agreement with the method of variation of parameters of Lagrange [1-3].

(®)

(6)

(7)

(8)

9)

(10)

(11)

Our approach shows that the factorization (3) and one solution of (2) allow deduce the
general solution of (1), without the ansatz of Lagrange in his procedure of variation of

parameters.
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