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ABSTRACT. For several orthogonal polynomials, Cohen proved that their roots are the
eigenvalues of symmetric tridiagonal matrices. In this paper, we give examples of this
Cohen’s result for the Legendre, Laguerre, and Hermite polynomials, which are useful in
applications to quantum mechanics and numerical analysis.
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INTRODUCTION

Here we consider the Legendre polynomials F,(x) [1, 2]:
Po)=1 P =x Pyx)= %(sz —1), Pyx)= %(Exa —3x), .. 1)
which verify the differential equation (1 — x2)y" —2xy" +1(I+1) =0, 1 =0,1,2, ...; Cohen

[3, 4] showed that roots of B,(x) =0 are the proper values of the following symmetric
tridiagonal matrix:
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Since the eigenvalues of a symmetric matrix are all real, it follows that the roots of
the Legendre polynomials must all be real [1, 5, 6]. Moreover, the absence of nonzero terms
along the leading diagonal of the matrix P,, implies that the eigenvalues are symmetrically
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distributed about the origin. Let’s remember that the roots of B, (x) are important in the
Gaussian quadrature [1, 7].

Similarly, the roots of the Laguerre polynomials L, (x) [8-10] as:

L) =1 Li(x)=1-x Lx)=-(x2—4x+2), La(x}:i(—x3+9x2—18x+5}
€©)

which satisfy the differential equation xy" +{(1—x)y'+ny=10 n=0,1,2,.., are the
eigenvalues of the symmetric matrix [3, 4]:

L, = (4)
n::_z 2n-—3 n:jl
ion—1 2n-1
Hence, all solutions of L, (x) = 0 are real [11].
Besides, the Hermite polynomials H,,(x) [12, 13] which are:
Hy(x) =1, H; (x) = 2x, Hy(x)=4x? -2, Hzlx)=8x%—12x, ... (5)

obey the differential equation ¥ — 2xy'+ 2ny =0, n = 0,1, 2, ..., have real roots [14-16]
corresponding to the proper values of [17]:
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which are symmetrically distributed about the origin.

In Sec. 2 we employ the Leverrier-Takeno’s technique [18] to realize applications of (2,
4, 6).
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SOME APPLICATIONS OF THE COHEN’S RESULTS

The characteristic equation of a matrix 4, ; :
AMta, A +a, A" 4+ 4a, =0, (7

can be constructed via the Leverrier-Takeno’s procedure:

1 5 1
4 = —5q, [ E[(Sl}‘ — .5'2]J g = E[_(Sl}a + 3.31 Sg — 253]; . (8)

r

where 5+ is the trace of 4 * Then we consider (2):
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thus (7) implies the equation 312 — 1 = 0 in agreement with P;(x) = 0. Similarly:
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Hence, 51y, =a; =10, 5, = E , Ay = —E , 53 =az =0, and from (7) we obtain 54* =31 =0 in

harmony with P3{x) = 0. Let’s remember that the roots of Legendre polynomials are

important in the Gaussian quadrature [7], in the study of electromagnetic radiation and the
angular function for the hydrogen atom.

Besides, from (4):

L, = 1 é) L%:(i 1‘;), s =4 s5,=12, a; = —4 a;=2,

then (7) gives 12— 41+ 2 = 0, equivalentto L,(x) = 0; and:

11 0 (2 4 2 6 18 18
L;=|1 3 2], Li=|4 14 16}, Li=|18 78 108],

2 6 29 18 108 177
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therefore sy =9, 5, =45 s53=261, ay =—-9, a,=18, az;=—6, and from (7) we
deduce that 1*—942+181—6=0 in according with (3). The Laguerre polynomials

participate in the radial function of hydrogen-like atoms [19] and diatomic molecules [20].
For the Hermite polynomials, we have:
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si=a;=0,5,=3, aa=—>, 53 =az =0, thus (7) gives the expression 24> — 34 = 0 which
is compatible with Hs(x) = 0. The Hermite polynomials are fundamental in the analysis of
the harmonic oscillator in quantum physics.

Thus we have that the Leverrier-Takeno’s process [18] allows to see that the
eigenvalues of the matrices (2, 4, 6) are the roots of the Legendre, Laguerre [21, 22], and
Hermite polynomials, respectively. Let’s remember that the QR algorithm [23-26] is an
efficient method to determine the proper values of a matrix.

REFERENCES

A. Bucur, B. E. Carvajal-Gamez, J. LOpez-Bonilla, Laguerre polynomials: Their Laplace
transform via equidistant interpolation, J. Sci. Res. 53 (2009) 257-258.

A. M. Cohen, An algebraic approach to certain differential eigenvalue problems, Linear
Algebra and its Appls. 240 (1996) 183-198.

A. M. Cohen, Numerical methods for Laplace inversion, Springer, New York (2007).

C. Lanczos, Applied analysis, Dover, New York (1988).

D. S. Watkins, The QR algorithm revisited, SIAM Rev. 50 (2008) 133-145.

E. R. Smith, Zeroes of the hermitean polynomials, Am. Math. Monthly 43 (1936) 354-358.

F. Pidduck, Laguerre polynomials in quantum mechanics, J. London Math. Soc. (1) 4 (1929)
163-166.

44



On The Roots of the Legendre, Laguerre, and Hermite Polynomials

G. Golub, F. Uhlig, The QR algorithm: 50 years later its genesis by John Francis and Vera
Kublanovskaya and subsequent developments, IMA J. Numer. Anal. 29, No. 3 (2009)
467-485.

H. E. Salzer, R. Zucker, R. Capuano, Table of the zeros and weight factors of the first twenty
Hermite polynomials, J. Res. Nat. Bureau Stand. 48, No. 2 (1952) 111-116.

http://mathworld.wolfram.com/Laguerre-GaussQuadrature.html

https://math.stackexchange.com/questions/104845/the-roots-of-hermite-polynomials-are-all-
real

I. Guerrero-Moreno, J. Lopez-Bonilla, J. Rivera-Rebolledo, Leverrier-Takeno coefficients
for the characteristic polynomial of a matrix, J. Inst. Eng. 8, No. 1-2 (2011) 255-258.

J. H. Caltenco, J. Lopez-Bonilla, J. Rivera-Rebolledo, Gaussian quadrature via Hermite and
Lagrange interpolations, J. Sci. Res. 55 (2011) 177-180.

J. G. F. Francis, The QR transformation: A unitary analogue to the LR transformation, The
Computer Journal 4, No. 3 (1961) 265-271 and 332-345.

J. H. Caltenco, J. Lépez-Bonilla, R. Pefia-Rivero, Morse’s radial wave function, Lithuanian
J. of Phys. 50, No. 4 (2010) 403-404.

J. Lopez-Bonilla, A. Lucas-Bravo, S. Vidal-Beltran, Integral relationship between Hermite
and Laguerre polynomials: Its application in quantum mechanics, Proc. Pakistan
Acad. Sci. 42, No. 1 (2005) 63-65.

J. Lépez-Bonilla, B. Man Tuladhar, R. Pefia-Rivero, Relationship between wave functions of
two-dimensional hydrogen atom in parabolic and polar coordinates, J. Sci. Res. 54
(2010) 219-22.

J. Ldpez-Bonilla, R. Loépez-Vazquez, H. Torres-Silva, On the Legendre polynomials,
Prespacetime Journal 6, No. 8 (2015) 735-739.

J. Lopez-Bonilla, G. Posadas-Duran, On the Saha’s generating function for the Hermite
polynomials, Prespacetime Journal 7, No. 13 (2016) 1805-1806.

J. Lopez-Bonilla, R. Lopez-Vazquez, V. M. Salazar del Moral, On some identities for the
Laguerre polynomials, Prespacetime Journal 8, No. 10 (2017) to appear.

J. Mawhin, A. Ronveaux, Schrodinger and Dirac equations for the hydrogen atom, and
Laguerre polynomials, Arch. Hist. Exact Sci. 64 (2010) 429-460.

R. Cruz-Santiago, J. LOpez-Bonilla, S. Yéafez-San Agustin, A note on the Laguerre
polynomials, Prespacetime Journal 8, No. 4 (2017) 511-512.

R. E. Greenwood, J. J. Miller, Zeros of the Hermite polynomials and weights for Gauss
mechanical quadrature formula, Bull. Am. Math. Soc. 54, No. 8 (1948) 765-769.

V. Barrera-Figueroa, J. LOpez-Bonilla, J. Sosa, Multiple root finder algorithm for Legendre
and Chebyshev polynomials via Newton’s method, Annales Mathematicae et
Informaticae 33 (2006) 3-13.

V. Barrera-Figueroa, J. Lopez-Bonilla, J. Sosa, Method of moments and non-uniform
sampling via Legendre polynomials roots, Bol. Soc. Cub. Mat. Comp. 7, No. 1
(2009) 19-33.

V. N. Kublanovskaya, Certain algorithms for the solution of the complete eigenvalue
problem, Soviet Math. Dokl. 2 (1961) 17-19.

45


http://mathworld.wolfram.com/Laguerre-GaussQuadrature.html
https://math.stackexchange.com/questions/104845/the-roots-of-hermite-polynomials-are-all-real
https://math.stackexchange.com/questions/104845/the-roots-of-hermite-polynomials-are-all-real

